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SUMMARY: An algorithm is given for constructing evolutionary tracks for a
star with the mass equal to one solar mass. The presented model can be applied
to the stars belonging to the inferior main sequence, which have the proton-proton
reaction as energy source and present a radiative core and a convective shell. This
paper presents an original way of solving the system of equations corresponding to
the radiative nucleus by using Taylor’s series in close vicinity to the center of the
Sun. It also presents the numerical integration and the results for a 0.5 billion years
aged solar model.

1. BASIC FORMULAE FOR THE EVOLU-

TIVE MODEL

Consider that for the radiative core of the Sun
are valid the equations of hydrostatic equilibrium,
mass distribution, luminosity and temperature (see,
e.g., Menzel and others,1963; Aller and McLaughlin,
1965; Cox and Giuli, 1968), given respectively by:

dP (r)/dr = −GM(r)ρ(r)/r2, (1)
dM(r)/dr = 4πr2ρ(r), (2)
dL(r)/dr = 4πr2ρ(r)ε(r), (3)
dT (r)/dr =
= −(3/(4ac))(κ(r)ρ(r)/T 3(r)) L(r)/(4πr2), (4)

where P (r), M(r), L(r) and T (r) represent the val-
ues of the pressure, the mass, the luminosity and
the temperature in a point placed at the distance r
from the center of the star. By using Schwarzschild’s
(1958) transformations:

P (r) = pGM2/(4πR4),

M(r) = qM,

L(r) = fL,

T (r) = t(µH/k)GM/R,

r = x · R,

(5)

the dimensionless variables p, q, f , t, x are intro-
duced. With these variables, the system (1) - (4)
becomes:

dp/dx = −pq/(tx2),

dq/dx = px2/t,

df/dx = C px2/t,

dt/dx = −D pf/(t4x2),

(6)

where we have denoted:

C = (M/L)(εpp + εCN ),

D = (3Lk4/(64π2acµ4H4G4M4))κ.

A = (3Lk4)/(64π2acH4G4M4).

(7)
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The production of energy per gram-mass and
per second due to the proton-proton reaction is given
by the relation:

εpp =ε0ρX2(1 + 0.25ρ1/2T
−3/2
6 )(1 + 0.012T

1/3
6 +

0.008T
2/3
6 + 0.00065T6) · 106T

−2/3
6

exp(−33.804T
−1/3
6 ),

(8)
where ε0 = 2.625, ρ is the matter density expressed
in g/cm3, T6 is the temperature expressed in 106 K,
while X denotes the hydrogen abundance.

Since the production of energy due to the car-
bon-nitrogen cycle will also be considered, this one
is given by the relation:

εCN =7.94 · 1027(1 + 1.75ρ1/2T
−3/2
6 )(1 + 0.027T

1/3
6

− 0.0037T
2/3
6 0.00007T6)ρ · 0.00445X2

exp(−152.313T
−1/3
6 )T−2/3

6 .
(9)

The formulae (8) and (9) are given in Aller
and McLaughlin (1965). The total production of en-
ergy per gram-mass and per second is given by the
formula:

ε = εpp + εCN . (10)
The opacity of stellar matter is considered to

be given by the following analytical expressions (Ha-
selgrove and Hoyle, 1959):

– for 0.1 ≤ T6 < 10:

κ = 0.19(1 + X) + a1ρ(1 + X); (11)

– for 10 ≤ T6 < 20:

κ =0.19(1 + X) + a1ρ(1 + X)+

ρ(1 − 0.1T6)((1 + X)a1 − b1);
(12)

– for T6 > 20:

κ = 0.19(1 + X) + b1ρ; (13)
where a1 and b1 have respectively the expressions:

a1 =6.5 · 104(Z(1 − 0.05T6)/(T 2
6 + 2.5T 4

6 ))

exp(−7.75ρ(1 + X)/T 3
6 + 4.15 · 104(X/(250T 4

6

− T 2
6 ) + ((1 − X − Z)/(250T 4

6 ))(1 + 5.5

exp(−|2/3 − 2.873T6|))) exp(−2ρ(1 + X)/T 3
6 ),
(14)

and:

b1 = (35 + 75X + 190Z)/T 3.5
6 , (15)

in which Z features the metals.
For the convective shell of the Sun, the equa-

tions (1) and (2), and the adiabatic equation:

P (r) = Kργ(r), γ = 5/3, (16)

are considered to be valid. The ideal gas law is con-
sidered to be valid for the whole star.

Introducing the parameter:

(n + 1)rad = d logP/d logT (r) = (1/D)qt/(pf),
(17)

the radiative equilibrium is ensured by the condition:

(n + 1)rad > 2.5. (18)

The system (1) - (4) is to be integrated with
the boundary conditions (at center):

x = 0, f = 0, q = 0, t = tc, p = pc, (19)

where tc and pc denote the dimensionless values of
the temperature and pressure, respectively, at the
Sun’s center.

2. NUMERICAL SOLUTION OF THE
MODEL

For the evolutive model which will be pre-
sented, we shall use the numerical results obtained by
the author (Tatomir, 1986), which provide: pressure
(P ), temperature (T ), dimensionless mass (q) and
dimensionless luminosity (f) values in the points of
a division:

x1 < x2 < ... < x155,

x1 = 0,

xi = (i − 1)h,

(20)

where the integration step h = 0.0058 was taken.
The following values (corresponding to the pa-

rameters of the homogeneous model and the con-
stants appearing in calculations) are used:

L0 = 3.12E + 33 (erg/s), c = 2.9978E + 10 (cm/s),

R0 = 6.96E + 10 (cm),

G = 6.672E − 08 (cm3/(gs)),

M0 = 1.99E + 33 (g), Q∗
pp = 6.3E + 18 (erg/s),

k = 1.379E − 16 (erg), Q∗
CN = 6.0E + 18 (erg/s),

H = 1.672E − 24 (g), X = 0.709,

a = 7.55E − 15 (dyn/cm2), Z = 0.021.
(21)

The system (6) has a singularity in x1 = 0;
for calculating the values of p, q, f , t in the points
x1, x2,..., x7, we have used in (14) the expanding in
series method, obtaining:

p(x) =p0 − (1/6)(p2
0/t20)x

2 + ((1/45)p3
0/t40−

(DC/45)p4
0/t80)x

4 + 0 · x5 + ..., (22)
q(x) =(1/3)(p0/t0)x3 + ((DC/30)p3

0/t70−
(1/30)p2

0/t30)x
5 + 0 · x6 + ..., (23)

36



MATHEMATICAL MODEL FOR THE 0.5 BILLION YEARS AGED SUN

f(x) =(C/3)(p0/t0)x3 + C((DC/30)p3
0/t70−

(1/30)p2
0/t30)x

5 + 0 · x6 + ..., (24)
t(x) =t0 − (DC/6)(p2

0/t50)x
3 + ((DC/45)p3

0/t70−
(23D2C2/360)p4

0/t110 )x4 + ..., (25)

where we have denoted p0 = pc and t0 = tc.
By means of the values X(xi, 0), ρ(xi, 0),

T (xi, 0) from the homogeneous model, one calculates
the production of energy εpp(xi, 0) + εCN(xi, 0) and
the opacity κ(xi, 0), using the expressions (8)-(13).

As time step, we have chosen τ = 0.1 · 109

years; with this, the variation of chemical composi-
tion with time due to the nuclear reactions is given
by:

X(xi, τ) =X(xi, 0) − (εpp(xi, 0)/Q∗
pp+

εCN (xi, 0)/Q∗
CN)τ.

(26)

First it is calculated for each integration point
xi and for the epoch τ the molecular weight µ and
the values of the coefficients C, D:

µ(xi, τ) = 4/(3 + 5X(xi, τ) − Z), (27)
C(xi, τ) = (1.99/3.12)(εpp(xi, 0) + εCN(xi, 0)),(28)

D(xi, τ) = Aκ(xi, 0)/µ4(xi, τ), (29)

where A is a numerical constant known from (7).
In order to obtain the central values of density (ρ)
and temperature (T ) at the instant τ , the non-linear
system:

εpp(0, 0) + εCN (0, 0) = εpp(ρ, T, X(0, τ))+

εCN(ρ, T, X(0, τ)),

κ(0, 0) = κ(ρ, T, X(0, τ))

(30)

is solved by means of the Newton-Kantorovici me-
thod.

Next we will show how the Newton-Kantoro-
vici method is used for the evolutive solar model.

Introducing the following notations:

f(ρ, T ) =εpp(ρ, T, X(0, τ)) + εCN (ρ, T, X(0, τ))−
εpp(0, 0) − εCN(0, 0)

(31)
and

g(ρ, T ) = κ(ρ, T, X(0, τ)) − κ(0, 0) (32)

the system (30) assumes the form :

f(ρ, T ) = 0

g(ρ, T ) = 0
(33)

And now

H : R2 → R2, H(ρ, T ) =
[

f(ρ, T )
g(ρ, T )

]
(34)

where f and g are some functions of the density ρ
and the temperature T . Then the system (33) can
be written under the form:

H(ρ, T ) = 0 (35)
To obtain the solution of the system (35) we

start with an initial value of
[

ρk
Tk

]
which, in our

case, is just the central value from the homogeneous

model,
[

ρc
T c

]
. A better approximation of the solu-

tion of the system (33) can be obtained from the
following formula:

[
ρk + 1
Tk + 1

]
=

[
ρk
Tk

]
−

[
∂f(ρk, Tk)/∂ρ ∂f(ρk, Tk)/∂T
∂g(ρk, Tk)/∂ρ ∂g(ρk, Tk)/∂T

]−1

·
[

f(ρk, Tk)
g(ρk, Tk)

]

(36)
We denote ρc

1 and Tc
1 the central values for

the model of the type τ ; they are ρk+1 and T k+1

in the formula (36). Starting from ρc
1 and Tc

1 we
obtain tc1 and pc1 from Schwarzschils’s transforma-
tions (5) and from the law of gases

P (r) = (1/µ) · (k/H) · ρ(r) · T (r) (37)

With t0 = tc
1 and p0 = pc

1 and by meand help
of the series (22)-(25), we obtain the values for p, q,
f , t in six points near the origin: x2, x3,..., x7. The
system (6) is integrated using the Adams-Boshforth
method of the sixth order (Moszynski, 1973)

Vk+1 =Vk + h((4277/1440)fk − (7923/1440)fk−1+

(9982/1440)fk−2 − (7298/1440)fk−3+

(2877/1440)fk−4 − (475/1440)fk−5)
(38)

To improve the numerical results which have
been obtained by way of the formula (38), the
Adams-Moulton corrector method of the sixth order
is used (Moszynski, 1973):

Vk =Vk−1 + h(475fk + 1427fk−1 − 798fk−2+

482fk−3 − 173fk−4 + 27fk−5)/1440
(39)

In this way we obtain the values for t1(xi, τ),
p1(xi, τ), f1(xi, τ), q1(xi, τ), ρ1(xi, τ), T 1(xi, τ).
The integration of the system (6) poceeds as long
as (n + 1)rad ≤ 2.5. The integration of the model at
the moment τ is repeated iteratively and we consider
that for the iteration n we have the following values:

Xn(xi, τ), ρn(xi, τ), T n(xi, τ), pn(xi, τ),

fn(xi, τ), qn(xi, τ)
(40)
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The passing from the iteration n to the itera-
tion n + 1 of the model at the moment τ is effected
in this way:

Xn+1(xi, τ) = X(xi, 0) − (1/2)((εpp(xi, 0)+
εpp

n(xi, τ))/Qpp
∗ + (εCN(xi, 0)+

εCN
n(xi, τ))/QCN

∗)τ (41)
µn+1(xi, τ) = 4/(3 + 5Xn(xi, τ) − Z) (42)
Cn+1(xi, τ) = (1.9891/3.826)(εpp

n(xi, τ)+
εCN

n(xi, τ)) (43)
Dn+1(xi, τ) = A · κn(xi, τ)/(µn(xi, τ))4 (44)

The central values of the model ρc
n+1, Tc

n+1

at the moment τ and at the iteration n + 1 are ob-
tained from the system:

(1/2)(εpp(0, 0)+εpp
n(0, τ)+εCN(0, 0)+εCN

n(0, τ))

= εpp(ρ, T, Xn+1(0, τ)) + εCN(ρ, T, Xn+1(0, τ))

(1/2)(κ(0, 0) + κn(0, τ)) = κ(ρ, T, Xn+1(0, τ))
(45)

The conditions to stop the iterations of the
models at the moment τ are:

|ρc
n − ρc

n+1| < ε1 (46)

|Tc
n − Tc

n+1| < ε2 (47)

When the conditions (46) and (47) are ful-
filled, it is considered that the model from the it-
eration n is good and this model will be considered
as being the one at the moment τ .

The passing from a model at the moment m ·τ
to a model at the moment (m + 1) · τ is done in the
identical way as the passing from the model at the
model τ = 0 to the moment at the moment τ .

3. NUMERICAL RESULTS

Table 1 lists the numerical values featuring the
solar model which corresponds to the age τ = 0.5·109

years.
The quantities appearing in Table1 are:

P – pressure (expressed in 1018 dyn/cm2);
T – temperature (expressed in 106 K);
ρ – density (expressed in g/cm3);
X – hydrogen abundance;
x – non-dimensional radius;
q – non-dimensional mass;
f – non-dimensional luminosity.

Table 1.

Table 2.
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In order to compare the numerical data of
the models obtained by the author to the observa-
tional data, we proposed to plot the model onto the
(log(L/L0), logTef)-plane. In this respect we can
represent our models on the observational diagram
Hertzsprung-Russell.

Since the energy is not produced in the region
of the convective shell, namely ε = 0 and L = con-
stant, the luminosity of the models is considered as
being given by:

L = L0f(xr) = L0f(0.893) (48)
The effective temperature is obtained from the

well-known relationship valid for the black body:

L = 4πR2σRTef
4 (49)

where R = 6.96 · 1010 cm, while σR denotes the
constant of Stefan-Boltzmann: σR = 5.6687 · 10−5

erg·cm−2·s−1·deg−1.
Table 2 provides the values of the luminosity

and effective temperature corresponding to the mod-
els obtained by the author.

In this Table, the time τ is expressed in 109

years, f is (as previously) the non-dimensional lumi-
nosity, the luminosity L is expressed in 1033 erg/s,
while the effective temperature Tef is expressed in
K.

Fig. 1.

In Fig. 1 there are plotted onto the Hertzs-
prung-Russell diagram the model obtained by the
author. There are evolutionary models of stars of
1M0 belonging to Population I, corresponding to the
epochs (ages) τ = 0.5 · 109 years. In comparison,
the present-day Sun (aged about 4.5 · 109 years) is
plotted on the diagram too, using the following data:

R0 = 6.96 · 1010 cm,

L0 = 3.826 · 1033 erg/s,

Tef0 = 5770 K.

(50)

Since there aren’t any other calculated models
of the chemical composition on the condition of 0.4 ·
109 age, considered in this paper, nor any by other
authors, the only thing that remains is to compare
the model to the observational data.

The position of the 4.5 · 109 aged Sun on the
H-R diagram is presented in Fig. 1, but the interme-
diate positions at different times can not be deduced
in an observational way. The evolution of the Sun
along the main sequence is not linear because the
inner temperature increases in time, but the hydro-
gen abundance X decreases, modifying the values of
the energy production and of the opacity given by
the formulas (8)-(15). The position of the 0.4 · 109

aged model and of the actual Sun in the parallel po-
sitions with the main sequence and the distance be-
tween them, show that the model which I have cal-
culated approximates very well the position that the
Sun would have occupied in the H-R diagram if its
age were 0.4 · 109 years.

The papers quoted in the text were consulted
at writing this paper. Other papers quoted in the
references are recommended to be read for a better
understanding of the studied theme.

The system (6), which has to be integrated on
the condition (19), presents an indeterminacy under
the form of 0/0. For the elimination of the indeter-
minacy we applied the series (22)-(25).

We have shown how the Newton-Kantorovicz
method can be used for the evolutive solar models
and we have integrated the system (6) using the
method of successive approximations. The fact that
the model, which has been calculated, gives good re-
sults in the comparison to the observation, entails
that this model placed in the H-R diagram occupies
a correct position.

In conclusion, the original way of numerical
solving, which is presented in Chapter 3 can be used
by all the evolutive models which have a radiative
nucleus and a convective cover.
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MATEMATIQKI MODEL ZA SUNCE STARO 0.5 MILIJARDI GODINA

E. Tatomir

Univerzitet ”Transilvanija” u Braxovi, Rumunija

UDK 523.9–8
Originalni nauqni rad

Dat je algoritam za konstrukciju evolu-
cionog procesa za zvezde qija je masa jednaka
Sunqevoj masi. Prikazani model mo�e se pri-
meniti na zvezde koje pripadaju doǌem glav-
nom nizu, a koje za izvor energije imaju pro-
ton-proton reakciju i imaju radiativno jezgro
i konvektivni omotaq. Ovim radom prikazan

je originalni naqin rexavaǌa sistema jedna-
qina koje odgovaraju radiativnom jezgru ko-
rix�eǌem Tejlorevih redova u neposrednoj
blizini sredixta Sunca. On tako�e prikazuje
numeriqku integraciju i rezultate za Sunqev
model starosti 0.5 milijardi godina.
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