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ešovitiproblem
i

37

1



C
a
u
c
h
y
-je

v
i
p
r
o
b
le
m
i
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količnicim
a

konačnih
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,

v
i−
1
−
(2

+
c
h
2
)
v
i
+
v
i+

1
=

0
,

v
n−

1
−
(1

+
c
h
2

2

)

v
n
=
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M
etoda

konačnih
razlika

za
višedim

enzione
granične

problem
e

P
oisson-ova

jednačina
(Laplace-ova

jednačina
za

f
(x
,y
)
≡
0

)

∆
u
(x
,y
)
≡
∂
2
u

∂
x
2
+

∂
2
u

∂
y
2
=

f
(x
,y
),

(x
,y
)
∈
Ω

u
(x
,y
)
=

g
(x
,y
),

(x
,y
)
∈

grΩ

m
reža

ω̄
h
,k
=
{
(x

i ,y
j )|x

i
=

ih
,
y
j
=

jk
,}

v
i,j ≈

u
(x

i ,y
j )

D
iferencijska

šem
a

(”krstšem
a”)

v
x̄
x
,i,j

+
v
ȳ
y
,i,j

=
f
(x

i ,y
j )

(x
i ,y

j )
∈
ω
h
,k

v
i,j

=
g
(x

i ,y
j )

(x
i ,y

j )
∈

grω̄
h
,k
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¦
Ω̄
=
{
(x
,y
)
∣∣|x|≤

1
,|y|≤

1
,|x

−
y|≤

1}

∆
u
(x
,y
)
=

x
2
+
y
2
,

(x
,y
)
∈
Ω
,

u
(x
,y
)
=
|x|

+
|y|,

(x
,y
)
∈

grΩ

◦
unutrašnjičvorovi

v
x̄
x
,i,j

+
v
ȳ
y
,i,j

=
x
2i
+
y
2j
,

i,j
=

1
,...,n

−
1
,

¦
graničničvorovi

v
i,j

=
|x

i |
+
|y

j |,
i
=

0
∨
j
=

0
∨
i
=

n
∨
j
=

n

A

3
4

y=
x

y

x

0

1
2

B

C

D
E
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K
rivolinijska

granica
Ω̄
=
{
(x
,y
)
∣∣

x
2
+
y
2
≤
1}

◦
unutrašnjičvorovi

4
(
4
v
1
−
4
v
0
)
=

0

4
(v

A
−
2
v
1
+
v
0
)
+
4
(v
2
−
2
v
1
+
v
2
)
=

1
/
4

4
(v

B
−
2
v
2
+
4
v
1
)
+
(v

B
−
2
v
2
+
v
1
)
=

1
/
2

¦
graničničvorovi

(ekstrapolacija)

v
A
=

1

v
B
=
−

δ

h
−
δ
v
2
+

h

h
−
δ
v
B
′

δ
=

1
−
√
3
/
2

0
1 2

B
’

y

B

A

y=
xx
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P
i+

(j−
1
)
(n−

1
) ≡

(x
i ,
x
j )

T
i,
j
=

1
...,

n
−
1
.

v
l
=

v
(P

l ),

f
l
=

f
(P

l )

l
=

1
,
...,(n

−
1
)
2

−
1h
2
(v

l−
n
+
1

+
v
l−
1
−
4
v
l
+
v
l+

1

+
v
l+

n−
1
)
=

f
l

A
v
=

f

A
=

1h
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

4
−
1

−
1

−
1

4
...

−
1

...
...

4
−
1

4
−
1

−
1

−
1

4

...
...

...

−
1

4
−
1

−
1

4
...

...
...

4


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V
arijacione

m
etode

♠
L

je
sam

okonjugovan,pozitivno
definisan

linearnioperator

L
u
=

f
⇐
⇒

I
(u
)
=

m
in
w

I
(w

),
I
(w

)
=

(L
w
,
w
)−

2
(f
,
w
)

v
(x
)
=

n
∑

i=
1

c
i φ

i (x
),

R
(x
;
c
1
,...,c

n
)
=

L
v
−
f

R
itz-G

alerkinova
m

etoda

(R
,
ϕ
k
)
=

0
←
→

(L
v
,
ϕ
k
)
=

(f
,
ϕ
k
),

k
=

1
,...,n

M
etoda

kolokacije

R
(x

k
;
c
1
,...,c

n
)
=

0
←
→

L
v
(x

k
)
=

f
(x

k
),

k
=

1
,...,n

M
etoda

najm
anjih

kvadrata

‖
R
‖
2
=

(R
,
R
)
=

m
in

←
→

(L
v
,
L
φ
k
)
=

(f
,
L
φ
k
),

k
=

1
,...,n
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M
etoda

konačnog
elem

enta
–

bazisne
funkcije

im
aju

kom
paktan

nosa
č

P
rim

er:
linearniB

-splajn

φ
i (x

)
=



1
+

x−
x

i
h

i−
1
,

x
∈
[x

i−
1
,x

i ]

1
−

x−
x

i
h

i
,

x
∈
[x

i ,x
i+

1
]

0
,

x
/∈
[x

i−
1
,x

i+
1
]

,
i
=

0
,...,n

,

-

6
6

-

1

x
i
−

1
x

i
x

i
+

1

h
i
−

1
h

i

1
t

N
1 (

t)
N

2 (
t)

Φ
i (

x
)

krov
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preslikavanje
na

kanonskielem
ent
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¦
u ′′(x

)−
c
u
(x
)
=

0
,

u
(0
)
=

1
,

u ′(1
)
=

0

ω̄
=
{
x
i |x

i+
1
−
x
i
=

h
i ,

n−
1

∑

i=
0
h
i
=

1}
[x

i ,
x
i+

1
]

konačnielem
ent

v
(x
)
=

φ
0
(x
)+

n
∑

i=
1

v
i φ

i (x
),

v
(0
)
=

φ
0
(0
)
=

1
,

v
i
=

v
(x

i ),
i
=

1
,...,n

(v ′′−
c
v
,
φ
j )
=

0
−→

∫

1

0
v ′(x

)φ
′j (x

)
d
x
+
c

∫

1

0
v
(x
)φ

j (x
)
d
x
=

0

∫

1

0
(φ

′0
φ
′j
+
c
φ
0
φ
j )
d
x
+

n
∑

i=
1

v
i

∫

1

0
(φ

′i φ
′j
+
c
φ
i φ

j )
d
x
=

0
,

j
=

1
,...,n

K
v
=

f
k
ij
=
∫

10
(φ

′i φ
′j
+
cφ

i φ
j )
d
x
,

f
j
=
−
∫

10
(φ

′0
φ
′j
+
cφ

0
φ
j )
d
x

30



k
i,j

=
0
,
|i−

j|
>
1
,

i
=

1
,...,n

,

k
i,i+

1
=

∫

x
i+

1

x
i

(φ
′i φ

′i+
1
+
cφ

i φ
i+

1
)
d
x
,

k
i,i
=

1
∑

j
=
0

∫

x
i+

j

x
i−

1
+

j (φ
′i 2
+
cφ

i 2
)
d
x

x
∈
[x

i ,x
i+

1
]

v
(x
)
=

v
i
φ
i (x

)
+
v
i+

1
φ
i+

1
(x
)
=

v
i
N
1
,i (x

)
+
v
i+

1
N
2
,i (x

)

∫

x
i+

1

x
i

(

(v
i N

′1,i
+
v
i+

1
N

′2,i
)N

′j,i +
c
(v

i N
1
,i
+
v
i+

1
N
2
,i
)N

j,i

)

d
x
=

0
,

j
=

1
,2
,

i
=

1
,...,n

−
1

x
∈
[x
0
,x

1
]

v
(x
)
=

φ
0
(x
)
+
v
1
φ
1
(x
)
=

N
1
,0
(x
)
+
v
1
N
2
,0
(x
)

v
1

∫

x
1

x
0

((N
′2,0
)
2
+
c(N

2
,0
)
2
)

d
x
=
−
∫

x
1

x
0

(N
′1,0
N

′2,0
+
c
N
1
,0
N
2
,0
)

d
x
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x
=

x
i +

h
i t
=

x
i (1−

t)
+
x
i+

1
t,

t∈
[0
,1
],

x
∈
[x

i ,
x
i+

1
],
i
=

1
,...n−

1

N
1
,i (x

)
=

x
i+

1
−
x

h
i

,
N
2
,i (x

)
=

x
−
x
i

h
i

−→
N
1
(t)

=
1
−
t,

N
2
(t)

=
t

v
(x
(t))

=
v
i N

1
(t)

+
v
i+

1
N
2
(t),

x
(t)

=
x
i N

1
(t)

+
x
i+

1
N
2
(t)

∫

1

0

(

1h
2i

(v
i N

′1 (t)
+
v
i+

1
N

′2 (t)
)N

′j (t)
+
c
(v

i N
1
(t)

+
v
i+

1
N
2
(t)
)N

j (t)

)

h
i
d
t
=
0

j
=

1
,2

∫

1

0

(

1h
i
(v

i −
v
i+

1
)
+
c
h
i
(v

i (1
−
t)
+
v
i+

1
t
)(
1
−
t)

)

d
t
=

0

∫

1

0

(

1h
i
(v

i+
1
−
v
i )
+
c
h
i
(v

i (1
−
t)
+
v
i+

1
t
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)

d
t
=

0
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1h
0
v
1
+

c
h
0

3
v
1
=

1h
0
−

c
h
0

6

v
i −

v
i+

1

h
i

+
c
h
i

6

(2
v
i
+
v
i+

1

)

=
0

v
i+

1
−
v
i

h
i

+
c
h
i

6

(v
i
+
2
v
i+

1

)

=
0

−→
k
i v

i≡
(k

s,i
+
k
m
,i )

v
i
=

0

i
=

1
,...,n

−
1

k
s,i

=
1h
i

(

1
−
1

−
1

1

)

,
k
m
,i
=

c
h
i

6

(

2
1

1
2

)

,
v
i
=

(

v
i

v
i+

1

)

(K
s
+
K

m
)
v
=

f

K
s
=

1h



2
−
1

0
−
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2
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2
−
1

0
−
1

1



,
K

m
=

ch6



4
1

0
1

4
...

4
1

0
1

2



33



R
aspodela

toplote
odre

-dena
m

etodom
konačnog
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D

eform
acija

grede
pod

uticajem
bočne

sile

u ′′(x
)
+
c
u
(x
)
=

0

u
(0
)
=

u
(1
)
=

0
D

<
P

u
k
(x
)
=

sin
k
π
x
,

c
k
=

k
2
π
2
,

k
=

1
,2
,...

v
x̄
x
,i
+
c
n
v
i
=

0
,

i
=

1
,...,n

−
1
,

v
0
=

v
n
=

0

A
n
v
n
=

c
n
v
n
,

A
n
=

1h
2



2
−
1

0
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−
1

2
−
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0
2
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c
n
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=

4h
2
sin

2
k
π
h

2
,

v
n
,k
=


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k
π
x
1

...
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k
π
x
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1



,
k
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3
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M
e
šo
v
iti

p
r
o
b
le
m
i

¦
R

aspodela
toplote

sa
vrem

enom
u

tankom
štapu,

kojije
izolovan

na
oba

kraja
(granični

uslovi)
i

im
a

zadatu
raspodelu

tem
perature

na
po

četku
posm

atranja
procesa

(početniuslov)∂
T∂
t
=

∂
2
T

∂
x
2
,

x
∈
[−
1
,1
],

t
>
0

graničniuslovi
T
(−

1
,t)

=
T
(1
,t)

=
0
,

t
>
0
,

početniuslov
T
(x
,0
)
=

e −
1
0
x
2,

x
∈
[−
1
,1
]

Jednačina
provo

-denja
toplote

je
jednačina

paraboličkog
tipa

(difuzija,rasipanje)

∂
u

∂
t
=

∆
u
+
q
,

∆
u
≡
∂
2
u

∂
x
21

+
···

+
∂
2
u

∂
x
2m
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D
iferencijska

šem
a

ω
h
=

{
x
i ,

∣∣

x
i
=

ih
,
i
=

−
n
,...,n

,
h
=

1n }

ω
τ
=

{
t
j ,

∣∣

t
j
=

jτ
,
j
=

0
,...,m

,
τ
=

tm
a
x

m
}

ω
h ×

ω
τ
=

{
(x

i ,t
j ),

i
=

−
n
,...,n

,
j
=

0
,...,m

}

v
jt,i
=
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−
σ
)
v
jx
x
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+
σ
v
j
+
1

x
x
,i

v
j−
n
=

v
jn
=

0
,

v
0i
=

e −
1
0
x
2i

i
=

−
n
+
1
,...,n

−
1
,

j
=

0
,...,m

−
1
,

i

j
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i
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(i,j+1)
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eksplicitna
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0

)
C
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=

1
/
2

)
im

plicitna
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=
1

)
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+
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=
−
n
+
1
,...,n

−
1
,

=
(1
−
σ
)τ

h
2
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−
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šem
a

39



¦
S

trujanje
(konvekcija)

konstantnom
brzinom

|c|
∂
u

∂
t
+
c
∂
u

∂
x
=

0
,

u
(x
,0
)
=

u
0
(x
)

−→
u
(x
,t)

=
u
0
(x
−
ct)

0
0.5

1
−
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−
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0.5 1
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x

u

t = 0
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0
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−
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K
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u
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u
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c
t
=

X

0 

0.5

1
0.5

1 0

0.5 1

x

u
(x,0)=e

−100(x−0.3) 2

t

u(x,t)

41



¦
Talasna

jednačina
–

C
auchy-jev

problem

∂
2
u
(x
,t)

∂
t 2

=
c
2
∂
2
u
(x
,t)

∂
x
2

,
x
∈
R
,

t
>
0
,

u
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=

u
0
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∂
u
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,0
)

∂
t

=
u
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)

0
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u
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različitim
vrem

enskim
trenucim

a

O
dre

-denisu
diferencijskom
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